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Considering Vaidya-Tikekar metric, we obtain a class of solutions of the Einstein-Maxwell 
equations for a charged static fluid sphere. The physical 3-space (t=constant) here is 
described by pseudo-spheroidal geometry. The relativistic solution for the theory is used 
to obtain models for charged compact objects, thereafter a qualitative analysis of the 
physical aspects of compact objects are studied. The dependence of some of the properties 
of a superdense star on the parameters of the three geometry is explored. We note that 
the spheroidicity parameter a, plays an important role for determining the properties 
of a compact object. A non-linear equation of state is required to describe a charged 
compact object with pseudo-spheroidal geometry which we have shown for known masses 
of compact objects. We also note that the size of a static compact charged star is more 
than that of a static compact star without charge. 

Keywords: Einstein-Maxwell equations; super-dense stars; relativistic charged stars. 



1. Introduction 

The analysis of very compact astrophysical objects has been a key issue in relativistic 
astrophysics for the last few years. The estimated mass and radius of several compact 
objects such as X-ray pulsar Her X-l, X-ray burster 4U 1820-30, millisecond pulsar 
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SAX J 1808.4-3658, X-ray sources 4U 1728-34, PSR 0943+10 and RX J185635- 
3754, are not compatible with the standard neutron star models. There are several 
astrophysical objects as well as cosmological phases where one needs to consider 
equation of state of matter involving matter densities of the order of 10 15 gm/cc or 
higher, exceeding the nuclear matter density. The conventional approach of obtain- 
ing models of relativistic stars in equilibrium requires a definite information about 
the equation of state of its matter content. The equation of state for a s uperdense 
star is yet to be determined. An alternative approach generally 

f0 ll 0wec |3|4ll2H23] 

in relativity is to prescribe a suitable ansatz geometry for the interior three space 
in order to extract physical properties of such stars. In relativistic astrophysics, 
exact solutions of Einstein-Maxwell equations for the interior matter content in the 
form of charged perfec t fluid spheres become important because of its various phys- 
ical applications^^!] The solution of the interior space-time of a charged sphere 
is matched with the exterior Reissner-Nordstrom metric at the boundary. In the 
presence of charge, the gravitational collapse may be counter balanced by the elec- 
trostatic repulsive Columbian force along with the pressure gradient. As a result 
gravitational collapse of a spherically symmetric matter distribution with charge 
might avoid collapse to a point singularity. Recently a numb er of papers in stel- 
lar models came up considering electromagnetic Mop™ The matter density 
of many compact objects are normally above the nuclear density. It has maximum 
mass and radius both less than that of neutron stars, with higher compactification 
factor (ratio of mass to radius). Compact objects are classified on the basis of com- 
pactification factor, for a normal stars (10 -5 ), white dwarfs (10 -3 ), neutron stars 
(0.1 to 0.2), strange stars (0.2 to < 0.5), black holes (0.5) etc. The physics near 
the core region of a super-dense compact object is not well understood yet. The 
equation of state of compact objects such as neutron stars, strange stars is also not 
known at least near the core region. Therefore a compact object can be analysed by 
considering a simple spatial geometry characterised by spheroidicity parameter (a) 
and curvature parameter (R). In this context, Vaidya and Tikekar^ and Tikekar^ 
prescribed a simple form for the space-like hyper-surface (t=constant) containing 
two such parameters namely, spheroidicity parameter (a) and curvature parameter 
(R). Vaidya- Tikekar approach reduces the complexity of the field equations which 
produces solution of relativistic stars with ultra-high densities and pressures that 
is consistent with the observations^. The Vaidya-Tikekar approach is also useful 
to obtain stellar solution for a compact star with Einstein-Maxwell field equations. 

The solution is characterised by two parameters a and R . The physical properties of 

11 19lfll 

static charged star is studied in different context 1 1 considering Vaidya-Tikekar 
space time metric^. T he ph ysical plausibility of Vaidya-Tikekar approach is dis- 
cussed in the fiteratur effi^ i Maharaj and LeaclP analyzed a relativistic model for 
superdense stars proposed by TikekarSI extensively and obtained new classes of so- 
lutions for different choice of the spheroidal parameter. Tikekar and 

Thomas™ 

analysed compact stars with 3-pseudo-spheroidal geometry for the 3-space of the in- 
terior space-time and obtained a class of relativistic solutions suitable for modelling. 
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In this paper, we obtain a class of relativistic stellar models using Tikekar-Thomas 
ansatz which prescribes 3-pseudo spheroidal geometry for the 3-space for the in- 
terior sp ace-time in the presence of charge. A number of papers appeared in the 
literatur o^O I 11 ! ^ considering pseudo-spheroidal geometry to construct compact 
star models including anisotropic distribution of fluid. The suitability of the solu- 
tion for describing the model of a superdense star in pseudo-spheroidal geometry 
may be important to explore. Usually knowing equation of state (henceforth, EOS) 
we determine the geometry from the Einstein's field equation but as the EOS of a 
neutron star is unknown so we adopt a different technique^ to determine the EOS 
assuming a pseudo-spheroidal space-time inside a compact star. Using the metric, 
we establish a relation for pressure and density in the Einstein gravity and study 
physical properties of a suprdense star. 

The outline of the paper is as follows. In sec. 2, we set up the relevant field equation 
and obtain relativistic solution for different configuration with total charge. In sec. 
3, we determine the constraints under which the solutions are physically realistic. 
Thereafter the physical properties of compact object for known mass and radius 
are explored. The parameters a and R are useful here to construct stellar model 
for a given charge density. We also study region of strong energy and weak energy 
conditions in the interior of compact objects. Finally a brief discussion is given in 
sec. 4. 



2. Einstein- Maxwell Field Equations 

The Einstein field equation is 

Rij ~ ^9ij R = 8ttG Tij (1) 

where Rij, gij, R and Tij are Ricci tensor, metric tensor, Ricci scalar and energy 
momentum tensor respectively. We consider a spherically symmetric static star rep- 
resented by the line element, 

ds 2 = - e 2v ^dt 2 + e 2 ^dr 2 + r 2 (d6 2 + sin 2 0d<f> 2 ) (2) 

where v{r) and )i(r) are the two unknown metric functions. We also consider elec- 
trically charged star with most general form of energy-momentum tensor given by, 

= diag (-(p + E 2 ), p-E 2 , p + E 2 , p + E 2 ), (3) 

where p and p represents the energy density and pressure respectively and E 2 rep- 
resents intensity of the electric field. 

Using Einstein field equation, we obtain the following field equations: 

p + £ ^' 1 - r f) + ^, (4) 
r r z 
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P 



E 2 = e-^ 1 



,2 , , . v' u' 

v — v u H 

r r 



(6) 



where ()' represents derivative w.r.t. r. From eqs.(5) and (6) we obtain 

v" + v' 2 - v'tf - & ~ e 2 ~ 2M ) - 2E 2 e 2 » = (7) 

To solve the above differential eq. (7), we use the ansatJ^, 

2fi 1 + ar 2 /R 2 

l + r 2 /R 2 ' [> 

where a is the spheroidicity parameter and R is a geometrical parameter related 
with the configuration of a star model. Now using the ansatz given by eq.(8) in 
eq.(7), we obtain a second order differential equation in x, given by 

9x , , 2E 2 R 2 (l - a + ax 2 ) 2 

(1 - a+ ax 2 )V xx - ax^ x + a(a - 1 * )-= — = (9) 

(ar — 1) 



where W = e v ^ r \ with x 2 = 1 + and ip x represents derivative of ip w.r.t. x 

7,2 D 2 (l-q+ "- 2 ^ 2 

electric field intensity as 



Now for simplicity we choose /3 2 = — R |Vit m ^ i such that it is related to the 



F 2_ P 2 {x 2 -l) P 2 r 2 



R 2 (l-a + ax 2 ) 2 i?4( 1+ o^) 

We choose the electric field intensity as in eq. (10) so that the regularity at the 
centre of the compact object is ensured The choice of E 2 generates a model for 
a charged star which is physically realistic in pseudo spheroidal geometry. Using eq. 
(10) and the transformation z — -^zjx, eq. (9) can be written as 

(1 - z 2 )^ zz + z^ z + [(1 - a) + 2f3 2 /a}V = (11) 
Differentiating the above equation once again with respect to z, we get 

(i-z 2 )y zzz - z y zz + n 2 y z = (12) 

where il 2 = (2 — a + 2f3 2 /a) is a constant. Thus, for a given (3, positivity of fl 
puts an upper bound on the spheroidicity parameter: a < (1 + yl-j- 2/3 2 ). Again in 
pseudo-spheroidal space-time positivity of central density puts another constraint 
on a, leading to a > 1. Eq.(12) is a third order differential equation in z, we obtain 
the following general solutions for two different cases 

Case(i). 1 < a < 1 + yjl + 2f3 2 . In this case f2 (= y2 — a + 2(3 2 /a) is positive 
for any j3 and corresponding solution is given by 

z 2 — 1 cosh{yirf) — z sin z 2 — 1 sinh(flri) — z cosh(£lr])} 

(13) 

Case(ii). a > 1 + y/l + 2/3 2 . In this case f2 (= \J a — 2 — 2(3 2 /a) is positive for 
all value of /3, and the corresponding solution is 
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— 1 cos(fli]) — z sin(Clr])] + B[Qy/ z 2 — 1 sin(Qr)) + z cos(Hrj)], (14) 



where z = cosh(ri). The solutions obtained by Tikekar and Jotania^ are recovered 
for (3 — 0. The unknown constants A and B are to be determined from the boundary 
conditions. 

The total charge contained within the sphere of radius r is defined as follows: 



q(r) = An ar 2 e^dr — r 2 E 2 (r) 
Jo 

where a denotes the proper charge density. 



(15) 



3. Physical applications 

The general relativistic solutions given by eqs. (13) and (14) will be used in this 
section to study compact objects with charge. The physical parameters namely, 
energy density (p), pressure (p) and charge density (a) are functions of V, which 
are given by, 



(a-1) 



i? 2 (l + 
(a-1) 



2^2 



R 2 (l 



1 - 



(l+2£) #(o-l)(l+2£) 



2i? 2 (l 



2^,2 



P 2 r 



r(a - 1) 



R 2 (a -1)(1 + ^) 



(16) 



(17) 



2/3(1 



R 2 



)(3 + 



R 2 



(18) 

i?2 (1 + ^)f 

The set of equations namely eqs. (10) and eqs. (16) - (18) are relevant for determining 
the physical features of a compact star. From eq. (16) it is evident that the central 
density of a star is independent of (5 i.e. on electric field which however depends on 
the geometrical parameter R and the spheroidicity parameter^ (a). Thus we note 
that the central density of a compact star which is given by, 

3(o- 1) 



Po 



R 2 



(19) 



is a constant for a given values of a and R. One interesting aspect is that it does 
not depend on the charge on the compact object. Non negativity of central density 
ensure t hat a > 1 and also in a pseudo-spheroidal geometry we need z > 0. One 
recovers energy density (p) and pressure (p) that for an uncharged star for (3 — 0. 
In the interior of the charged sphere, energy density (p), pressure (p) and charge 
(c) are well-behaved, bounded, finite and regular at the centre. The boundary of 
the star is determined from p(b) = 0. The total mass of a charged star contained 
within the radius b is given by, 



M(b) 



{a- l)b 3 



2R 2 (1 



b 2 



4a 2 



6(3- 



„ b 2 



3R tan' 1 (^y/a) 



(20) 
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The compactness factor u (defined as the ratio of mass to radius) is given by 
M(b) (a-l)y 2 P 2 \(3 + 2ay 2 ) Stan^iyy/a)' 



u = 



2(1 + ay 2 ) 4a 2 



1 + ay 2 



yVa 



(21) 



where y = In the case of a compact charged star, the following conditions are 
imposed: 

• At the boundary of the star (r = b), the interior solution is matched with 
the exterior Reissner-Nordstrom metric given by, 



ds 2 



2M q 2 \ , 2 / 2M q' 
1 + ^ I dt 2 + 1 + y 



dr 2 +r 2 (d6 2 +Sin 2 6d<j> 2 ). 

(22) 

Thus the metric potential must be matched at the boundary as follows: 

— + (23) 



e 2v(r=b) _ e -2 (U (r=6) 



where M and q denote the total mass and charge of the compact star 

respectively, as measured by an observer at infinity. 

At the boundary (r = b) of the star the pressure p = 0, which yields, 



* r (&) b(a-l) 



*(&) 2i? 2 (l + f) 



(3 2 b 2 



R 2 (a -1)(1 + ^) 



(24) 



Inside and on the surface of the charged sphere the pressure p > 0, which 
leads to 



\£V > r(a- 1) 
* " 2i? 2 (l + -gr) 



1 



/3 2 r 2 



i? 2 (a-l)(l + ^) 



(25) 



From eqs. (16) and (17), we obtain squared of the speed of sound which is given by, 



dp 
d~p 



(26) 

The speed of sound must be less than the speed of light inside the star to maintain 
the causality condition for which (|^) < 1. Thus the causality condition leads to 
the following inequality equations. 





^(l + ^)(l + ^)(^) 2 + (a-l)(^) 


-^(3R 2 + ar 2 ) 




a{a-l)(h + 2g) + ^{R 2 -ar 2 ) 





Va~l 



2^(1 + ^) 
where, D = 



^(i + %r)yi + ^ ^ r 

r^/a(a - 1) * " 



2\Mi + w) 



D) (27) 



a-l 



| + 5 + + a(a _i) ■ Using inequalities (25) and (27) we 



obtain the following bounds on the spheroidicity parameter a: 



March 3, 2013 22:14 WSPC/INSTRUCTION FILE bp 



Relativistic Solution for a Class ... 7 



(i)a < 



7- v/49 - 17(16/3 2 - 3) 



17 



(28) 



(ii)a > 




(29) 



where A = ^(17 + 4/3 2 + \ 
312^ 4 + 64/3 6 + 24V3a 2 ^25 



Q), P = 25 + 16/3 2 + 16/3 4 and Q = (125 + 120/3 2 



28/3 2 + 47/3 4 + 16/? 6 )3. 
It may be pointed out here that in the uncharged case i. e. (0 = 0) one obtains 
realistic solutions for (i) a < —j= and (ii) a > 5 respectively^-". In the pseudo- 
spheroidal geometry positivity of the spheroidal parameter a is ensured for j3 > 0. 
In this case, the maximum compactness factor upto which a compact stellar model 
permitted is u — 0.4167 for f3 = with a = 6 . However, we note that for j3 = 
0.65, the spheroidicity parameter satisfy a lower bound (a > 5.16208) for the same 
compactness factor u = 0.4167. 



3.1. Numerical results 

The energy density and pressure of a compact star are determined by parameters 
a, R and /3. It is not simple to obtain a known form of pressure (p) in terms of 
energy density (p) as these are highly non-linear functions of those parameters. So 
we adopt numerical technique in the next sections to study the physical properties 
of compact objects. We plot the radial variation of different physical parameters 
such as p, (p — p), (p — 3p) and (|^) for different a, (3 and R. We tabulate radial 
variation of energy density with various a and j3. To construct a stellar model, 
first we determine R using eqs. (8) and (23) in the uncharged limit for a given 
configuration of compact object namely, the spheroidicity parameter (a), Mass (M) 
and size (b). To study the dependence of charge on the different physical parameters, 
we determine the two unknown constants A and B of eqs. (13) and (14). It is possible 
to determine A and B from eqs. (23) and (24) for a particular choice of mass (M), 
radius (6), spheroidicity parameter (a) and charge parameter (/3). Once A, B and R 
are known, the radial variation of the physical parameters namely, energy density 
(p), pressure (p), (p—p), (p—3p) and (||) are determined using eqs. (16) and (17) for 
different (3. The compactness factor u = 4r- is determined for a given spheroidicity 
parameter a using eq.(21). In the next section, we consider three different cases to 
obtain stellar models of known compact stars, where the masses are taken from 
observations^!. 

Case I: Using the data for X-ray pulsar, namely Her X-lff^ characterised by 
Mass M = 0.88Mq, where M = the solar mass, size of the star b = 7.7 km we 
obtain stellar model. It has compactness factor u = M/b — 0.1686. The geometrical 
parameter, namely, the spheroidicty parameter in this case is a — 6. 
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0.08 
0.06 

P 

0.04 
0.02 
0.00 

2 4 6 

r 

Fig. 1. Radial variation of pressure(p) in GeV/ fm? inside the star HER X-l. Curves from top to 
bottom are for (3 = 0,0.3,0.6 respectively. 

The above values are then used to determine the geometrical parameter R from 
cqs. (8) and (23) at r = b. For a star without charge i.e. (3 — 0, we obtain R = 
22.882 km. However, for a charged star with f3 — 0.3 and /? = 0.6, we get a viable 
compact star model for R — 22.905 km. and R = 22.974 km. respectively. The radial 
variation of pressure (p) for these models are shown in fig. (1) for (3 = 0,0.3,0.6. 



0.7 
0.6 

P-P 

0.5 
0.4 
0.3 

2 4 6 

r 

Fig. 2. Variation of (p — p) in GeV/fm 3 for HER X-l with radial distance r in km. Curves from 
top to bottom are for /3 = 0.6, 0.3, respectively. 

It is evident from fig.(l) that the radial pressure (p) decreases with an increase 
in charge which is prominent at the centre. In table- 1 radial variation of energy 
density (p) in the interior and on the surface of the star are tabulated for two sets 
of parameters. It is evident that the energy density (p) decreases with an increase in 
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charge inside the compact star except at the centre for a given spheroidicity param- 
eter. It is also evident that for a large spheroidicity parameter the radial variation 
of energy density is same in all the cases. In fig. (2) and fig. (3) radial variation of 
(p ~ P) an d (p — 3p) are plotted to determine the regions where weak energy con- 
dition (p — p) (henceforth, WEC) and strong energy condition (p — 3p) (henceforth 
SEC) separately are obeyed. Although radial variation of (p — p) overlaps, a signif- 
icant variation in (p — 3p) is observed when the charge is increased. The variation 
of at the centre and at the surface for different charge parameter are plotted 
in fig. (4). It is evident that the causality condition (|^ < 1) holds good inside the 
star even in the presence electric field. 



0.55 
0.50 

p-3p 

0.45 
0.40 



2 4 6 

r 

Fig. 3. Variation of (p — 3p) in GeV/ fm 3 for HER X-l with the radial distance r in Km. curves 
from top to bottom are for /? = 0.6, 0.3, respectively. 



0.2 

. 195 
dp 0-19 

dp 

.185 
. 18 
.175 

0.1 0.2 0.3 0.4 0.5 0.6 

a 

Fig. 4. Variation of (j^) with electric charge (i.e. 0) at the center (Solid line) and at the surface 
(Dotted line) of the star HER X-l. 
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Energy density(p) 


r in km. 


a = 6, R = 22.882 km. 


a = 15, R = 39.657 km. 




/3 = 


P = 0.3 


P = 0.6 


p = 


P = 0.3 


P = 0.6 





0.85949 


0.85949 


0.85949 


0.80117 


0.80117 


0.80117 


2.0 


0.79781 


0.79777 


0.79767 


0.75283 


0.75282 


0.75281 


4.0 


0.65129 


0.65118 


0.65084 


0.63374 


0.63373 


0.63369 


b 


0.37374 


0.37353 


0.37291 


0.38853 


0.38850 


0.38842 



Table- 1 : Energy density (p) in GeV/fm 3 in the interior and on the surface of 
the compact star X-ray pulser HER X-l having Mass M = 0.88M Q and Radius 
b = 7.7 km. with compactness u — 0.1686. 



In the next section, we consider known compact objects with two different config- 
urations. First let us consider SAX J with two possible models of compactnes d 1 ^ 1 ^ 1. 

Case Ila: we consider here a millisecond pulsar namely, SAX J 1808.4-3658 
which is characterised by mass M = 1.435A/©, and size of the star b = 7.07 km. 
We note that the above star configuration is permitted for compactness u = M/b = 
0.2994 with spheroidicity parameter a = 6. Using eq.(8) along with the boundary 
condition at r = b, we determine geometrical parameter R — 10.839 km. 




Fig. 5. Variation of pressure p in GeV/ fm 3 with the radial distance r in km inside the star SAX 
J. Curves from top to bottom are for f) = 0, 0.2351, 0.6 respectively. 



Using the parameters we determine its various physical properties qualitatively. 
The radial variation of pressure (p) is plotted in fig. (5) for given electric charges 
(i.e., P). It is found that the effect of charge is to reduce the pressure inside the 
star. It is evident from fig. (6) that WEC (p — p) > is also obeyed. The energy 
density (p) is tabulated with radial distance in table-2 for two sets of parameters 
a — 6 and a — 15. We plot the radial variation of (p — 3p) in fig. (7) both for 
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2.5 
2.0 
1.5 

P-P 

1.0 
0.5 
0.0 

1 2 3 4 5 6 7 



Fig. 6. Variation of (p — p) in GeV/fm 3 inside the star SAX J with the radial distance r in =km. 
Curves from top to bottom arc for /? = 0.6, 0.2351, respectively. 



0.5 
0.4 
0.3 

P-3p 

0.2 
0.1 
0.0 

1 2 3 4 5 6 7 

r 

Fig. 7. Variation of (p — 3p) in GeV/fm 3 inside the star SAX J with the radial distance r in km. 
Curves from top to bottom are for /? = 0.6, 0.2351, respectively. 

charged and uncharged compact stars. In the case of uncharged star it is found that 
the SEC is violated near the centre but gradually away from the centre (p — 3p) 
attains a positive value. In the case of charged star with j3 > 0.2351 SEC condition 
is maintained throughout the interior of compact object. Thus for a compact star 
with or without charge, we note an interesting case where a compact star may be 
assumed to be made up of a core and an envelope region. In the case of uncharged 
star SAX Jl with a = 6, a core region upto a sphere of radius r = 1.602 km. 
might exit. In the case of a charged star with j3 = 0.15, one obtains a core of radial 
distance r = 1.412 km. from the centre where normal perfect fluid may not exist. It 
is also observed that the core region decreases due to the presence of charge on the 
compact object. For /3 > 0.2351, such a core region does not exist as SEC condition 





March 3, 2013 22:14 WSPC/INSTRUCTION FILE bp 



12 P. K. Chattopadhyay, R. Deb, B. C. Paul 

is obeyed inside at all region of the star. This is an interesting case, where one 
obtains an unusual behaviour of matter inside the compact star for low value of 
charge density which remains to be explored elsewhere. In fig. (8) variation of (|^) 
with j3 at the centre and at the surface of star SAX J-l is shown. The causality 
condition (S^ < 1) is maintained in the interior of the star. 



0.38 
0.37 
0.36 
0.35 



0.33 
. 32 

0.1 0.2 0.3 0.4 0.5 0.6 

Fig. 8. Variation of with charge at the center (Solid line) and at the surface (Dotted line) 
for SAX J-l. 




r in km. 


Energy density^) 


a = 6, R=10.8394 km. 


a = 15, R=20.4683 km. 


/? = 


P = 0.3 


P = 0.6 


/3 = 


(3 = 0.3 


(3 = 0.6 





3.83003 


3.83003 


3.83003 


3.00751 


3.00751 


3.00751 


2.0 


2.82074 


2.82020 


2.81858 


2.41104 


2.41099 


2.41085 


4.0 


1.47593 


1.47498 


1.47214 


1.44784 


1.44775 


1.44745 


b 


0.56168 


0.56090 


0.55858 


0.61701 


0.61691 


0.61661 



Table-2: Energy density (p) in GeV/fm 3 in the interior and on the surface of 
the compact star SAX- J having parameters Mass M — 1.435M Q and Radius 
b = 7.07 km. with compactness u = 0.2994. 

Case lib: We now consider another model for the same star SAX Jl which is 
characterised by mass M = 1.323M© and radius b = 6.55 km. The above config- 
uration can be accommodated with compactness factor u = M/b = 0.2979 in our 
model with spheroidicity parameter a — 6. In this case we consider a star with 
smaller compactness factor than that taken in Case Ha. 

The geometrical parameter R is determined from the eqs.(8) and (23) using 
the boundary condition at r = b, which is R = 10.129 km. The radial variation of 
pressure (p) for different charge parameters are shown in fig. (9). The radial variation 
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Fig. 9. Variation of pressure p in GeV/ fm 3 inside the star SAX J with the radial distance r in 
km. for M = 1.3235M , radius b = 6.55 km. with a = 6 (R = 10.1288 km). Curves from top to 
bottom are for (3 = 0, 0.3, 0.6 respectively. 
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1 2 3 4 5 6 

r 

Fig. 10. Variation of (p — p) in GeV / fm? inside the star SAX J with the radial distance r in Km. 
Curves from top to bottom arc for /3 = 0.6, 0.3, respectively. 

of energy density (p) is tabulated in table-3. From figs. (10) and (11), it is evident 
that both the weak and strong energy conditions are obeyed inside the star with or 
without electric charge. Fig. (12) shows the variation of (||) with (3 at the centre 

and in the surface of star SAX J-l. The causality condition < 1) is obeyed 
inside the star for the chosen set of parameters. In table-4, we tabulated (p — p) and 
(p — 3p) at the centre of the star for spheroidicity parameter a = 6 with different 
compactness factor (u). It is found that at higher compactification factor there exists 
regions inside the star where not only SEC is violated but also WEC. We note from 
columns 2 and 3 of table-4 that in the uncharged case strong energy condition 
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Fig. 11. Variation of (p — 3p) in GeV/fm 3 inside the star SAX J with the radial distance r in 
km. Curves from top to bottom arc for /3 = 0.6,0.3,0 respectively. 

(p — 3p) > is violated when compactness factor of the star is u > 0.29866 whereas 
weak energy condition (p — p) > is violated when u > 0.35615. 



0.37 
0.36 
dp 0.35 
dP 0.34 



0.33 
. 32 
0.31 




0.1 0.2 0.3 0.4 0.5 0.6 

Fig. 12. Variation of with charge parameter /3 at the center (Solid line) and at the surface 

(Dotted line) of the star SAXJ-1. 

But in the case of a charged star with j3 ~ 0.3, strong energy condition (SEC) is 
violated when u > 0.29990 whereas weak energy condition (WEC) is violated when 
u > 0.35670, which are shown in columns 4 and 5 of table-4. Thus if one prescribes 
3-pseudo spheroidal geometry for the 3-space of the interior space-time of compact 
objects, then it comes out from the analysis that there exist considerable regions 
with different parameters where both the WEC and SEC are violated. For a given 
a, as the charge (electric field intensity) is increased, the region of violation of WEC 
and SEC are found to occur at higher compactness factor for the same spheroidicity 
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Fig. 13. Variation of with r for the star HER XI. 
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Fig. 14. Variation of with r for the star SAXJ-1 (Case-IIa). 

parameter (a). 

The upper limit on the boundary of a star is obtained from eq.(29) which is 
given by 

b_ _ I (12a 2 - 12a + 2a/3 2 + 6/3 2 ) + e 

R ~ y a 4 - 6a 3 + 5a 2 - 2a 2 /3 2 + 2a^ 2 + ,3 4 1 ' 

where e = (-12a 2 + 12a - 2a^ 2 - 6/3 2 ) 2 + (a 4 - 6a 3 + 5a 2 - 2a 2 /3 2 + 2a/3 2 + 
/3 4 )(17a 2 - 14a + 16/3 2 - 3). In the uncharged case we obtain a limiting value same 

rm 

as that obtained in the Ref. ' . However we note that in the presence of charge the 
limiting values of the reduced radius is increased for same spheroidicity parameter 
which are tabulated in table-5. 
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Fig. 15. Variation of (§£) with r for the star SAXJ-l(Case-IIb). 



.08 
0.06 

P 

. 04 
. 02 



0.4 0.5 0.6 0.7 0.8 

P 

Fig. 16. Variation of p with p for HER XI (Case-I). 



r in Km. 


Energy density(p) 


a = 6,R = 10.129 km. 


a = 15, R= 19.092 km. 


13 = 


(3 = 0.3 


(3 = 0.6 


(3 = 


(3 = 0.3 


(3 = 0.6 





4.38628 


4.38628 


4.38628 


3.45693 


3.45693 


3.45693 


2.0 


3.10543 


3.10476 


3.10274 


2.68859 


2.68853 


2.68835 


4.0 


1.53570 


1.53461 


1.53132 


1.53270 


1.53258 


1.53222 


b 


0.65413 


0.65324 


0.65056 


0.71797 


0.71786 


0.71751 



Table-3: Energy density (p) in GeV/ fm 3 in the interior and on the surface of the 
compact star SAX- J having mass M = 1.323M and radius b = 6.55 km. with 
compactness u = 0.2979. 
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Fig. 17. Variation of p with p for SAXJ-1 (Case-IIa). 
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Fig. 18. Variation of p with p for SAXJ-1 (Case-lib). 

Finally we determine the radius of a star for a given set of parameters in the 
presence and in the absence of charge. The size of a compact star is tabulated in 
table-6. It is evident that in the presence of charged star the size of a star (6) is 
increased. 

4. Discussion 

In this paper we obtain a class of relativistic solution for static compact star with 
charge in the framework of pseudo-spheroidal space-time geometry. The interior 
solutions of Einstein-Maxwell equation for a charged compact object particularly 
with electric field is matched with Reissner- Nordstrom metric at the boundary The 
interior geometry of a compact star here contains five parameters namely mass 
(M), radius (6), spheroidicity parameter (a), charge and geometrical parameter 
(R). The solutions given by eqs. (13) and (14) obtained from the Einstein's field 
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u 


= 


= 0.3 


= 0.6 


P-P 


P~ 3p 


P-P 


p-3p 


P-P 


p-3p 


0.29800 


10.03540 


0.10608 


10.09930 


0.29794 


10.28970 


0.86902 


0.29865 


10.00030 


0.00085 


10.06480 


0.19427 


10.25660 


0.76994 


0.29866 


9.99974 


-0.00078 


10.06420 


0.19266 


10.25610 


0.76841 


0.29990 


9.93147 


-0.20558 


9.99697 


-0.00908 


10.19190 


0.57567 


0.30340 


9.72879 


-0.81364 


9.79737 


-0.60790 


10.00130 


0.00394 


0.30345 


9.72578 


-0.82267 


9.79440 


-0.61680 


9.99848 


-0.00455 


0.35614 


0.00433 


-29.9870 


0.32137 


-29.0359 


1.22816 


-26.3155 


0.35615 


-0.00202 


-30.0060 


0.31525 


-29.0542 


1.22268 


-26.3220 


0.35650 


-0.22879 


-30.6864 


0.09679 


-29.7096 


1.02708 


-26.9188 


0.35670 


-0.36200 


-31.0860 


-0.0315 


-30.0944 


0.91237 


-27.2629 


0.35817 


-1.43218 


-34.2965 


-1.0605 


-33.1815 


-0.00418 


-30.0125 



Table-4: Values of (p — p) and (p — 3p) at the centre of the compact object for 
different compactness factor and charge parameter in the unit of (^)GeV/ fm 3 
with a = 6. 



b = - 


a 


= 


= 0.2 


= 0.4 


= 0.6 


6 


2.1517 


2.1663 


2.2120 


2.2935 


7 


1.5047 


1.5090 


1.5222 


1.5449 


8 


1.2194 


1.2214 


1.2276 


1.2380 


9 


1.0503 


1.0515 


1.0550 


1.0609 


10 


0.9356 


0.9363 


0.9386 


0.9423 


11 


0.8513 


0.8518 


0.8534 


0.8560 


15 


0.6542 


0.6543 


0.6548 


0.6557 


50 


0.3042 


0.3042 


0.3043 


0.3043 


100 


0.2089 


0.2088 


0.2088 


0.2088 



Table-5: The variation of b = with a for different charge configurations (3. 

equation contains two unknown constants namely, A and B. These constants are 
determined from the two boundary conditions: (i) pressure at the boundary of the 
star vanishes and (ii) by matching the hrst fundamentals of metrics at the boundary 
with Reissner- Nordstrom metric. The radial variation of density, pressure and charge 
configuration are then determined. We note the following: 

(i) Fig-1 shows the variation of inner pressure for a given star namely, HER- 
XI. Since the equation of state of the matter content in the compact object is 
not known, we use the solutions of the Einstein field equations corresponding to a 
particular geometry namely, Vaidya-Tikekar metric to estimate the energy density 
and pressure. The observed values of mass and radius of HER XI are taken to study 
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Star 


Mass(m) 


a 


Star Size(b) in km. 


/3 = 


f3 = 0.2 


f3 = 0.4 


HER X-l 


O.88M 


6 


7.7000 


7.7134 


7.7543 


15 


7.7000 


7.7030 


7.7121 


SAX J 
SSI 


1.435M 


6 


7.0700 


7.0748 


7.0892 


15 


7.0700 


7.0710 


7.0740 


SAX J 
SS2 


1.323M© 


6 


6.5500 


6.5544 


6.5678 


15 


6.5500 


6.5510 


6.5537 



Table-6 : Size of the star(b) with spheroidicity parameters a = 6 and a = 15. 

the physical properties of the star with pseudo-spheroidal geometry It is found that 
for a given spheroidicity parameter, the pressure inside the star is less compared to 
that of an uncharged star. With an increase in charge (q), the pressure inside the 
star is found to decrease. 

(ii) The variation of pressure at the center is maximum which gradually decreases 
away from the center and finally vanishes at the boundary. However in the case of 
energy density for a given star with different R parameter the central density is 
found to decrease with charge. At the surface, energy density (p) depends on R but 
independent of charge on the star. We note that both the weak and strong energy 
conditions are obeyed inside the star as shown in fig. (2) and fig. (3) respectively. 
The causality condition is also obeyed throughout the star from the centre to the 
boundary (see fig. (4)). 

(iii) In the case of SAX Jl 808.4-3658 we obtain stellar models with two different 
compactness factor. The radial variation of (p — 3p) is shown in fig. (7). We found 
some interesting regions near the centre from the graph where both SEC and WEC 
are violated. It is evident that for (3 > 0.2351, both the strong and weak energy 
conditions are obeyed with compactification factor u — 0.2994. However, for j3 < 
0.2351 the strong energy condition is violated near the centre of the star. The radial 
variation of (p — 3p) is shown in fig. (11). It is evident that strong energy condition 
(p — 3p > 0) is obeyed inside the star with compactness u — 0.2979 (Case-lib). We 
tabulated the variation of (p — 3p) and (p — p) with compactification factor u for 
different charge parameter (3. Thus as u increases both WEC and SEC violation 
region is found to increase both in the absence and in the presence of charge. From 
figs. (8) and (12), it is evident that causality condition is obeyed inside the star 
in the case of SAX J for both the models considered here. In case of SAX J with 
compactness u — 0.2994, the strong energy condition (p— 3p > 0) is violated within 
a sphere of radius r — 1.602 km. 

For a charged compact star (Case-IIa) with (3 — 0.15, SEC violation region is 
found to exist within a sphere of radius of r = 1.412 km. However for f3 > 0.2351, 
such region does not exist. In this case we found a lower bound on E 2 for which SEC 
and WEC hold good. We note that q(r) = r 2 E 2 > ff+ol\i067r^ whcn # = °' 2351 
with a = 6. However the radial variation of pressure and density are found same as 



March 3, 2013 22:14 WSPC/INSTRUCTION FILE bp 



20 P. K. Chattopadhyay, R, Deb, B. C. Paul 

was obtained in the case of HER X-l. It is also evident that energy density is max- 
imum at the center which decreases radially outward from the center. The energy 
density (p) of a charged compact star decreases compared to that of an uncharged 
compact objectfm except at the centre. In the case of higher spheroidicity param- 
eter (a) the effect of charge in deciding physical properties of a star is negligible. 
The variation of |^ with radial distance (r) for case-I, Case-IIa and case-lib are 
shown in figs.(13)-(15) respectively which show that the causality is maintained in- 
side the charged compact star. The variation of pressure with density is plotted in 
figs.(16)-(18), it is evident that EOS for a star without charge is linear. However, for 
a compact charged star the EOS is non-linear. A deviation from linearity is visible 
due to non zero j3. 



5. Acknowledgement: 

PKC would like to thank University Grants Commission, Eastern India for awarding 
a project. Authors are thankful to IUCAA Resource Centre for extending facilities to 
carryout research work at Physics Department, North Bengal University. Finally, 
BCP would like to thank IUCAA, Pune for awarding Visiting Associateship to 
initiate the work. 



March 3, 2013 22:14 WSPC/INSTRUCTION FILE bp 



Relativistic Solution for a Class ... 21 



References 



1. L K Patel, R Tikekar and M C Sabu, Gen. Rel. Grav. 29, 489 (1997) 

2. R Tikekar and G P Singh, Gravitation and Cosmology 4, 294 (1998) 

3. P C Vaidya and R Tikekar, J. Astrophysics. Astron. 3, 325 (1982) 

4. R Tikekar, J. Math. Phys. 31, 2454 (1990) 

5. C E Rhodes and R Ruffini, Phys. Rev. Lett. 32, 324 (1974) 

6. L K Patel and S S Koppar, Aust. J. Phys. 40, 441 (1987) 

7. H Knutsen, Mon. Not. Roy. Astron. Soc 232, 163 (1988) 

8. S D Maharaj and P G L Leach, J. Math. Phys. 37, 430 (1996) 

9. R Tikekar and V O Thomas, Pramana J. Phys. 52, 237 (1999) 

10. L K Patel and N P Mehta, Aust. J. Phys. 48, 635 (1995) 

11. R Tikekar and V O Thomas, Pramana J. Phys. 50, 95 (1998) 

12. S Mukherjee, B C Paul and N K Dadhich, Class. Quantum Grav. 14, 3475 (1997) 

13. M Dey, I Bombaci, J Dey, S Ray and B C Samanta, Phys. Lett. B 438, 123 (1998); 
Addendum, 447, 352 (1999);Erratum, 467, 303 (1999) 

14. X D Li, I Bombaci, M Dey, J Dey and E P J Van del Heuvel, Phys. Rev. Lett. 83, 
3776 (1999) 

15. R Sharma, S. Mukherjee, M Dey and J Dey Mod. Phys. Lett. A 17, 827 (2002) 

16. R Tikekar and K Jotania, Int. J. Mod. Phys. D 14 1037 (2005) 

17. P K Chattopadhyay and B C Paul, Pramana J. Phys., 74, 513 (2010) 

18. R Sharma and S Mukherjee, Mod. Phys. Lett. A 16, 1049 (2001) 

19. R Sharma, S Mukherjee and S D Maharaj, Gen. Relativity and Grav., 33 999 (2001) 

20. R Sharma and S Mukherjee, Phys. Lett. A 38, 2535 (2002) 

21. R Sharma, S Mukherjee and S D Maharaj, Mod. Phys. Lett. A 15, 1341 (2000) 

22. R Sharma, S. Karmakar and S Mukherjee, Int. J. Mod. Phys. D 15 , 405 (2006) 

23. S Karmakar, S Mukherjee, R Sharma and S D Maharaj, Pramana J. Phys. 68 881 
(2007) 



24. J Lattimer, http://stellarcollapse.org/nsmass (2010) 



